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An exact generalization of the Ramsey transition probability is derived to improve ultra-high pre-
cision measurement and quantum state engineering when a particle is subjected to independently-
tailored separated oscillating fields. The phase-shift accumulated at the end of the interrogation
scheme offering high-level control of quantum states throughout various laser parameters conditions.
The Generalized Hyper-Ramsey Resonance based on independent manipulation of interaction time,
field amplitude, phase and frequency detuning is presented to increase the performance of next gen-
eration of atomic, molecular and nuclear clocks, to upgrade high resolution frequency measurement
in Penning trap mass spectrometry and for a better control of light induced frequency shifts in
matter wave interferometers or quantum information processing.
PACS numbers: 32.80.Qk,32.70.Jz,06.20.Jr
I. INTRODUCTION
Precision measurement plays a critical role in many
fields of physics such as metrology and fundamental tests
of physical theories. Laser pulsed spectroscopy is one
technique capable of realizing such precision measure-
ments. It is now a universal tool to investigate interac-
tion between light and matter in quantum clocks [1–5], in
cavity quantum electrodynamics experiments [6–8] and
in atomic, molecular and neutron interferometry [9–11].
To improve the resolution of frequency measurements
in the atomic and molecular beam resonance method de-
vised by I.I. Rabi [12], N.F. Ramsey proposed to replace
the single oscillatory field by a double microwave exci-
tation pulse separated by a free evolution without any
electromagnetic field perturbation [13, 14].
The low sensitivity of Ramsey spectroscopy to field inho-
mogeneities inducing light-shifts on the probing atomic
transition has drastically impacted the time and fre-
quency metrology [15–17] leading to microwave standards
at the relative 10−16 level of accuracy [18, 19].
Ultra-high resolution frequency measurement has been
achieved with very long storage time of Doppler and re-
coil free quantum particles using laser cooling techniques
in ion traps [1, 20] and optical lattice clocks [21, 22]. The
level of 10−18 relative accuracy, now almost achieved [23],
requires a very precise control of atomic or molecular in-
teractions to cancel systematic frequency shifts, whether
fermionic or bosonic species are used [24, 25]. With the
next generation of quantum clocks, stringent tests of gen-
∗E-mail address: thomas.zanon@upmc.fr
eral relativity are possible as well as new applications in
geophysics and hydrology [26]. Recently, very high pre-
cision measurement has become relevant for mass spec-
trometry [27] where the highest precision was reached us-
ing ions in a Penning trap. The use of Ramsey’s method
of separated oscillating fields has provided a significant
reduction in the uncertainty of the cyclotron frequency
and thus of the ion mass of interest combined with a
faster acquisition rate [28–30].
For the next level of progress in very high precision, the
recent Hyper-Ramsey scheme [31–33] is a promising evo-
lution of Ramsey pulsed spectroscopy. Composite pulses
inspired by NMR techniques [34] are now used to com-
pensate simultaneously for noise decoherence, pulse area
fluctuation and residual frequency offset due to the ap-
plied laser field itself. The first or the second pulse of the
usual Ramsey sequence can be separated in two or more
contiguous sections which yield to probing protocols with
more degrees of freedom in order to minimize resonance
shifts [35, 36]. It is also reminiscent of the spin echo tech-
nique where a sequence of pulses was originally applied to
suppress inhomogeneous effects causing a spin relaxation
[37, 38]. The Hyper-Ramsey method was successfully im-
plemented on a single trapped 171Yb+ ion demonstrating
efficient reduction of the light-shift by several orders of
magnitude [39].
II. GENERALIZED VERSION OF THE
RAMSEY TRANSITION PROBABILITY
We have established an accurate generalization of the
Ramsey interrogation for transition probability. This for-
malism provides a practical guide to the design, imple-
mentation, and interpretation of pulse sequences, and it
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FIG. 1: (color online). Quantum system with a narrow
|g〉 ↔ |e〉 clock transition probed by a laser pulse excita-
tion. (a) Sequence of composite pulses θi, δT, θj , θk and (b)
θi, θj , δT, θk with specified laser parameters including detun-
ing δl, complex field amplitude Ωle
iϕl , pulse duration τl where
l = i, j, k and a free evolution time T between pulses. A phase
step modulation of the appropriate laser field ϕl may be ap-
plied in both schemes if necessary.
is thus of considerable importance for high precision spec-
troscopy widely used in fundamental and applied physics.
The resonance can be coherently excited with weakly
allowed transitions [22], stimulated two-photon Raman
transitions [40, 43, 44], by magnetically induced transi-
tions [45] or by quadrupolar radio-frequency field inter-
action in mass spectrometry [46]. It enables the accurate
control of energy levels at the end of the interrogation
sequence.
A. Analytical form of the transition probability
Adopting a multi-zone interaction wave-function
model [40–42], we have derived the analytical form of
the generalized transition probability and the phase-shift
driving the resonance frequency position around the ex-
tremum of the central fringe. This derivation extends the
initial work in ref [31]. The generalized transition proba-
bility is derived for independent particles interacting with
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FIG. 2: (color online). Generalized Hyper-Ramsey resonances
P|g〉7→|e〉 versus the clock detuning δ computed from Eq. 1 to 5.
(a) Ramsey resonance. (b) Hyper-Ramsey Resonance from
all G-H-R protocols reported in Table I. The optimal Rabi
frequency of the laser field is defined as Ω = π/2τ . Pulse
duration is τ = 0.1875 s with a free evolution time T = 2 s
and ∆l = 0 (l = i, j, k).
separated and controllable oscillating fields. Field am-
plitudes, frequency detunings and pulse durations can
be manipulated individually within two different probing
schemes shown in Fig. 1(a) and (b). The sequence of
composite pulses described by the analytical expression
of the transition probability is investigated to improve
control of external perturbations such as light-shifts or
residual magnetic fields on the lineshape [47, 48]. It can
be implemented in trapped atom clocks and extended
to ion trap mass spectrometers and molecular beams or
fountain devices where moving particles are interacting
with multiple oscillating fields during a free fly.
The generalized transition probability must to be de-
pendent on pulse area θl = ωlτl/2 (l = i, j, k) with differ-
ent driving Rabi amplitudes Ωl and frequency detunings
δl via the generalized Rabi frequency ωl =
√
δ2l +Ω
2
l .
During the pulses, light-shift from off-resonant states
may be present and a laser step frequency utilized to
rectify the anticipated shift, thus requiring a redefinition
3of frequency detunings as δl ≡ δl±∆l. Additional phase
inversion of laser fields and nonuniform pulsed excita-
tion conditions modifying the entire spectral lineshape
are also included into the computation of the transition
[31, 49]. The exact expression of the generalized Ramsey
probability for a particle starting from initial state |g〉 to
final state |e〉 is given in a compact form as:
P|g〉7→|e〉 =α
[
1 + β(Φ)2
] [
1 +
2β(Φ)
1 + β(Φ)2
cos(δT +Φ)
]
,
(1)
with a clock frequency detuning δ during free evolution
without light. We have introduced for convenience the
notation
β(Φ) = β
√
1 + tan2Φ, (2)
where envelopes α, β driving the resonance amplitude are
respectively defined by
α =
(
1 +
δ2i
ω2i
tan2 θi
)(
1 +
δ2jk
ω2jk
tan2 θjk
)(
Ωj
ωj
tan θj +
Ωk
ωk
tan θk
)2
cos2 θi cos
2 θj cos
2 θk, (3a)
β =
Ωi
ωi
tan θi
(
1−
δjδk+ΩjΩk
ωjωk
tan θj tan θk
)
(
1−
δiδjk
ωiωjk
tan θi tan θjk
)(
Ωj
ωj
tan θj +
Ωk
ωk
tan θk
)
1−
δj
ωj
tan θj+
δk
ωk
tan θk
1−
δjδk+ΩjΩk
ωjωk
tan θj tan θk
δi
ωi
tan θi+
δjk
ωjk
tan θjk
1−
δiδjk
ωiωjk
tan θi tan θjk
1 +
(
δi
ωi
tan θi+
δjk
ωjk
tan θjk
1−
δiδjk
ωiωjk
tan θi tan θjk
)2 , (3b)
including a reduced variable
δjk
ωjk
tan θjk =
(δjΩk − Ωjδk) tan θj tan θk
Ωjωk tan θj +Ωkωj tan θk
. (4)
The phase-shift accumulated after the entire interroga-
tion scheme is
tanΦ =
δj
ωj
tan θj+
δk
ωk
tan θk
1−
δjδk+ΩjΩk
ωjωk
tan θj tan θk
+
δi
ωi
tan θi+
δjk
ωjk
tan θjk
1−
δiδjk
ωiωjk
tan θi tan θjk
1−
δj
ωj
tan θj+
δk
ωk
tan θk
1−
δjδk+ΩjΩk
ωjωk
tan θj tan θk
δi
ωi
tan θi+
δjk
ωjk
tan θjk
1−
δiδjk
ωiωjk
tan θi tan θjk
.
(5)
From Eqs. 1 to 5, lineshape, population transfer effi-
ciency and frequency-shift affecting the resonance can be
used to accurately evaluate in various experimental laser
pulse conditions including Rabi excitation, Ramsey and
Hyper-Ramsey schemes [12, 13, 31]. Note that a second
composite sequence of pulses can be realized as proposed
in Fig. 1(b). All previous expressions are still valid by
simply exchanging subscripts i ⇄ k with corresponding
laser parameters while reversing sign for pulse durations
τl 7→ −τl and free evolution time T 7→ −T . We also con-
firm the consistency of our analytic results by comparing
to a numerical solution in the rotating frame under vari-
ous pulse conditions [50–54].
To highlight a natural connection between the well-
known method of separated oscillatory fields by N. Ram-
sey [13–15] and the generalized formalism presented in
this work, we report in the Appendix a straightforward
derivation of the standard Ramsey transition probability
based on our generalized pulse sequence.
B. Generalized expression of the phase-shift
The phase-shift given by Eq. 5 is the primary result
needed for the precise control of quantum states to sup-
press any frequency-shift induced by the laser excitation
itself. By tailoring phase-shift parameters and engineer-
ing the resonance amplitude, it is possible to generate
quantum spectroscopy signals for increased resolution or
better stability. Following [55], Eq. 5 can be written into
a closed form solution as:
Φ = arctan

 δjωj tan θj + δkωk tan θk
1−
(
δjδk+ΩjΩk
ωjωk
)
tan θj tan θk


+ arctan
[
δjk
ωjk
tan θjk
]
+ arctan
[
δi
ωi
tan θi
]
.
(6)
It is thus feasible to eliminate the frequency shift of the
central fringe by engineering Eq. 6 with special choices
of laser step frequency, pulse duration, and phase in-
version to achieve a desired interference minimum. The
key point is to establish some efficient quantum control
protocols which compensate for frequency-shift and are
robust to small change in pulse area while achieving a
highly contrasted population transfer between the tar-
geted states [36]. Such quantum engineering of phase-
shift has been recently proposed in a Generalized Hyper
Raman-Ramsey spectroscopy of a stimulated two-photon
forbidden clock transition of strontium 88Sr and ytter-
bium 174Y b eliminating the detrimental light-shift con-
tribution [40].
The Generalized Hyper-Ramsey transition probability
has been computed for differing pulse protocols reported
in Table I. The standard sequence (a Ramsey protocol
4(R)) is compared with two others sequences based on
nonstandard G-H-R protocols. The panels of Fig. 2 dis-
play resonance fringes corresponding to selected proto-
cols in Table I. In Fig. 2(a), Ramsey fringes have been
simulated using parameters following the R protocol with
two θi = θk = pi/2 pulse areas. Hyper-Ramsey fringes
have also been simulated with θi = pi/2 and θj = pi,
θk = pi/2 pulse areas according to G-H-R protocols lead-
ing to the same resonance line shown in Fig. 2(b).
Non-linear behaviors of the central fringe frequency-
shift versus a small frequency perturbation in the
clock detuning have been investigated and presented in
Fig. 3(a) and 3(b). The curves are compared to the linear
frequency shift resulting from a single Rabi pulse excita-
tion. Fig. 3(a) shows the effect of a small external fre-
quency offset on the central fringe position. In contrast to
the normal Ramsey spectroscopy, the Generalized Hyper-
Ramsey resonance method provides a vastly reduced sen-
sitivity of the central fringe’s frequency shift to external
perturbations. As evidenced in Fig. 3(b), small pertur-
bations such as the residual light-shift or magnetic field
fluctuations may manifest themselves as laser frequency
steps during the spectroscopy pulse sequence, but the
central fringe position has a very flat slope for its fre-
quency shift dependence, which is more than one order
of magnitude smaller than that for Ramsey. The com-
bination of θi = pi/2 and θj = pi, θk = pi/2 pulse areas
in Eq. 6 compensates all terms over a large residual er-
ror in frequency as well as their first and second order
sensitivity to frequency fluctuation. The suppression of
the central fringe shift may be finally made insensitive
to small pulse area variation by inserting an intermedi-
ate ”echo” pulse with a sign inversion of the light field
only during the intermediate θj = −pi pulse or during
the initial and final θi = θk = −pi/2 pulses (see Table I).
Simultaneously, a laser frequency step may be ultimately
applied during pulses to compensate any frequency offset
larger than the width of the resonance [39].
TABLE I: Selected Ramsey (R) and Generalized Hyper-
Ramsey (G-H-R) pulses protocols shown in Fig. 1(a) and (b)
where ∆l = 0 (l = i, j, k). The Rabi frequency of the light
field is defined as Ω = π/2τ and possible phase inversion of
the light field during a pulse is indicated. The phase step
modulation of the laser field is off.
protocols parameters θi θj θk
τl τ 0 τ
R Ωl Ω 0 Ω
δl δ 0 δ
τl τ 2τ τ
Ωl ±Ω ∓Ω ±Ω
G-H-R δl δ δ δ
τl τ τ τ
Ωl ±Ω ∓2Ω ±Ω
δl δ 2δ δ
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FIG. 3: (color online). (a) Small offset fixed around ∆/2π ∼
220 mHz inducing a frequency shift on the central Ramsey
resonance (short dashed line) and the Generalized Hyper-
Ramsey resonance (solid line). (b) Central fringe frequency-
shift −Φ/2πT based on Eq. 5 (Eq. 6) as a function of the
residual offset δ ≡ ∆ for all protocols reported in Table I.
All curves are also shown with a ±10% pulse area variation
(shadow areas between solid lines). Others parameters are
identical to Fig. 2.
C. Phase step modulation of the resonance
The top plot in Fig. 3(a) raises a serious concern for
precision metrology. While the minimum of the Ramsey
fringe occurs at line center, the first maxima of the G-H-
R fringes on either side differ in amplitude by 3 − 4 %.
Many precision experiments, among them clock exper-
iments, actually lock to the central feature to stabilize
the frequency on the line center. Since locking requires
an odd symmetry feature, the exciting laser usually has
its frequency modulated to generate the needed signal.
However, modulation of an asymmetric resonance would
lead to off-center locking, exactly what we are trying to
avoid with the G-H-R technique. The amount of shift
depends on the modulation details, but a typical modula-
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FIG. 4: (color online). (a) Dispersive error signal generat-
ing by a ±π/2 phase step modulation of appropriate laser
fields. (b) Evaluation of the frequency-shift versus a residual
frequency offset by a numerical tracking of the central fringe
extremum (• solid black dots), by the phase step process of
Eq. 1 (⋆ solid stars), by an evaluation based on Eq. 5 (Eq. 6)
with −Φ/2πT (dashed line) or by probing the central fringe
at half-width points (solid crosses).
tion usually at half-width of the central fringe is required.
If the 50% population levels are not equally spaced from
line center, the resulting modulated line will be slightly
pulled out from line center.
In order to eliminate the asymmetry effect on the true
position of the central fringe, we propose to apply a ±pi/2
phase step modulation of the cosine function in Eq. 1 as
in refs [56, 58]. The effect of the laser phase modula-
tion on the transition probability is discussed in the Ap-
pendix with a complex wave-function model. Fig. 4(a)
shows the resulting dispersive error signal generated in
this way. Fig. 4(b) presents a comparison between differ-
ent frequency-locking techniques to probe the extremum
of the central fringe. Solid black dots report the ex-
act position of the extremum by a numerical tracking
of Eq. 1. By applying a frequency modulation technique
and probing the interferences at the half-width points to
lock to the center of the resonance, the slight asymmetry
of the lineshape reintroduces a weak linear dependance
of the frequency-shift with a residual frequency offset.
The phase step modulation of Eq. 1 is able to reproduce
very well the frequency-shift based on Eq. 5 (Eq. 6) even
in presence of a weak lineshape asymmetry. This phase
modulation technique directly produces an error signal
with enhanced immunity to residual offset fluctuations
[39, 57, 58].
III. CONCLUSION
Although the initial Ramsey’s method of separated os-
cillating fields has proven to be very useful in funda-
mental and applied physics based on laser pulsed spec-
troscopy, it still has some fundamental limitations. To
overcome these issues, a non standard generalization
of the Ramsey protocol has been considered here and
demonstrated additional benefits, sixty-five years after
the original scheme was proposed. The Hyper-Ramsey
spectral resonance has been fully extended in this letter
to include potential biases, higher-order light-shift cor-
rections on detunings and various modifications of laser
parameters exploring non linear frequency responses of
quantum particles for ultra precise frequency measure-
ment.
The application of the Generalized Hyper-Ramsey res-
onance should be able to improve frequency uncertainty
measurements in next tests of fundamental physics based
on atomic or molecular fountains [59–61], in charged
ions [62, 63], for small changes in molecular vibrational
frequencies based on clocks sensitive to potential varia-
tion in the electron-to-proton mass ratio [64, 65] and in
searching for a weak parity violation in chiral molecules
by laser spectroscopy [66]. Quantum phase-shift engi-
neering should impact high resolution mass spectrome-
try based on the application of the Ramsey method to
short-lived ions stored in Penning traps [29] and laser
pulsed spectroscopy in cold molecule chemistry [67, 68].
Using the Generalized Hyper-Ramsey spectroscopy for
Stark decelerated cold molecules may allow a signifi-
cant improvement of the frequency measurement uncer-
tainty, which can be important for the search of the
time-variation of the fine structure constant [69], in mea-
suring gravitationally induced quantum phase shifts for
neutrons [70] and for observing spin dependent nuclear
scattering lengths of neutrons in Ramsey interferometers
[71]. In the future, a pair of stretched hyperfine states
from a 229Th nuclear transition may provide a large sup-
pression of several external field shifts [72, 73] where an
ultra-narrow clock transition will offer an exquisite test
of nuclear quantum engineering spectroscopy at the next
level of 10−19 relative accuracy.
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Appendix
A. Wave-function model including phase of the
laser field
We present the wave-function formalism [13, 40, 41] to
establish Eqs. 1 to 5 in the main section of the paper. It is
based on a two-level system describing the superposition
of the |g〉, |e〉 clock states as
|Ψ(θl)〉 = cg(θl)|g〉+ ce(θl)|e〉. (7)
where the pulse area is defined by θl = ωlτl/2 and the
effective Rabi field is ω2l = δ
2
l + Ω
2
l . Using the solution
of the Schro¨dinger’s equation, we write for the cg,e(θl)
(l = i, j, k) transition amplitudes
(
cg(θl)
ce(θl)
)
= χ(θl) ·M(θl) ·
(
cg(0)
ce(0)
)
(8)
including a phase factor of the form χ(θl) = exp
[
−iδl
τl
2
]
.
The wave-function evolution driven by the pulse area θl
is determined by the following complex 2x2 spinor inter-
action matrix as [42, 50–52]:
M(θl) =
(
M+(θl) e
ıϕlM†(θl)
e−ıϕlM†(θl) M−(θl)
)
=
(
cos(θl) + i
δl
ωl
sin(θl) −ie
iϕl Ωl
ωl
sin(θl)
−ie−iϕl Ωl
ωl
sin(θl) cos(θl)− i
δl
ωl
sin(θl)
)
.
(9)
where the phase of the laser field is introduced by ϕl.
The pulsed excitation is written as a product of differ-
ent matrices M(θl) and a free evolution without laser
light during a time T. Generalized Hyper-Ramsey expres-
sion for respective composite sequences θi, δT, θj, θk and
θi, θj , δT, θk which depend on initials conditions cg(0)
and ce(0) are:
(
cg(θi, δT, θj, θk)
ce(θi, δT, θj, θk)
)
= χ(θi, θj , θk) ·


M+(θi)M+(θj , θk)
+M†(θj , θk)M†(θi)e
[−i(δT+ϕi)]
M†(θi)e
iϕiM+(θj , θk)
+M†(θj , θk)M−(θi)e
[−iδT ]
M†(θk, θj)M+(θi)
+M†(θi)M−(θj , θk)e
[−i(δT+ϕi)]
M†(θk, θj)M†(θi)e
iϕi
+M−(θj , θk)M−(θi)e
[−iδT ]

 ·
(
cg(0)
ce(0)
)
(10)
(
cg(θi, θj , δT, θk)
ce(θi, θj , δT, θk)
)
= χ(θi, θj , θk) ·


M+(θk)M+(θi, θj)
+M†(θi, θj)M†(θk)e
[−i(δT−ϕk)]
M†(θj , θi)M+(θk)
+M†(θk)M−(θi, θj)e
[−i(δT−ϕk)]
M†(θk)e
−iϕkM+(θi, θj)
+M†(θi, θj)M−(θk)e
[−iδT ]
M†(θj , θi)M†(θk)e
−iϕk
+M−(θi, θj)M−(θk)e
[−iδT ]

 ·
(
cg(0)
ce(0)
)
,
(11)
with χ(θi, θj , θk) = χ(θi)χ(θj)χ(θk) and where reduced
matrix components are
M+(θj , θk) = M+(θj)M+(θk) +M†(θj)M†(θk)e
−i(ϕj−ϕk),
M−(θj , θk) = M−(θj)M−(θk) +M†(θj)M†(θk)e
i(ϕj−ϕk),
M†(θj , θk) = M†(θj)e
iϕjM+(θk) +M†(θk)e
iϕkM−(θj),
M†(θk, θj) = M†(θk)e
−iϕkM+(θj) +M†(θj)e
−iϕjM−(θk),
(12)
M+(θi, θj) = M+(θi)M+(θj) +M†(θi)M†(θj)e
−i(ϕi−ϕj),
M−(θi, θj) = M−(θi)M−(θj) +M†(θi)M†(θj)e
i(ϕi−ϕj),
M†(θi, θj) = M†(θj)e
−iϕjM+(θi) +M†(θi)e
−iϕiM−(θj),
M†(θj , θi) = M†(θi)e
iϕiM+(θj) +M†(θj)e
iϕjM−(θi).
(13)
The final expression is an Hyper-Ramsey complex ampli-
tude. We are now able to explicit the transition proba-
bility P|g〉7→|e〉 for the two composite sequences.
7For the first composite sequence θi, δT, θj, θk shown in
Fig. 1(a), we have:
P|g〉7→|e〉 = ce(θi, T, θj , θk)c
∗
e(θi, T, θj, θk), (14a)
= |α|2
∣∣∣1 + βe−i(δT−Φ+ϕi)∣∣∣2 . (14b)
where wave-function envelops α, β driving the resonance
amplitude are:
α =
[
M+(θi)cg(0) +M†(θi)e
iϕice(0)
]
M†(θk, θj)
× χ(θi, θj , θk), (15a)
βeiΦ =
[
M†(θi)cg(0) +M−(θi)ce(0)
M+(θi)cg(0) +M†(θi)eiϕice(0)
]
M−(θj , θk)
M†(θk, θj)
.
(15b)
For the second composite sequence θi, θj , δT, θk shown in
Fig. 1(b), we also have:
P|g〉7→|e〉 = ce(θi, θj , T, θk)c
∗
e(θi, θj, T, θk), (16a)
= |α|2
∣∣∣1 + βe−i(δT−Φ−ϕk)∣∣∣2 . (16b)
where envelops α, β driving the resonance amplitude are
now:
α = [M+(θi, θj)cg(0) +M†(θj , θi)ce(0)]M†(θk)e
−iϕk
× χ(θi, θj , θk), (17a)
βeiΦ =
[
M†(θi, θj)cg(0) +M−(θi, θj)ce(0)
M+(θi, θj)cg(0) +M†(θj , θi)ce(0)
]
M−(θk)
M†(θk)
.
(17b)
In all cases, the phase term Φ represents the atomic
phase-shift accumulated by the wave-function during the
laser interrogation sequence. Starting from an initial con-
dition cg(0) = 1 and ce(0) = 0, phase-shift expressions
for sequences presented in Fig. 1(a) and (b) are respec-
tively given by:
Φ = Arg
[
M†(θi)
M+(θi)
M−(θj , θk)
M†(θk, θj)
]
, (18a)
Φ = Arg
[
M†(θi, θj)
M+(θi, θj)
M−(θk)
M†(θk)
]
. (18b)
When phases of laser fields are ignored in Eq. 12 and
Eq. 13, these expressions lead to the analytical form given
by Eq. 5. It is determining the clock frequency shift
measured on the central fringe in a Generalized Hyper-
Ramsey spectroscopy. Note that by applying a specific
phase modulation of the laser field with ϕi = ±pi/2, ϕj =
pi, ϕk = 0 (ϕi = 0, ϕj = pi, ϕk = ∓pi/2) in Eq. 10, Eq. 12,
Eq. 14b (Eq. 11, Eq. 13, Eq. 16b) then subtracting both
components with opposite sign, we obtain the dispersive
curve reported in Fig. 4(a).
B. Ramsey transition probability (θ, δT, θ)
We derive the analytical expression for the standard
Ramsey transition probability from the generalized ex-
pression established in the main section. We plug into in
Eqs. 1 to 5 the values for the Ramsey case from Table 1
with θj = 0 and θi = θk = θ where Eq. 2 is reduced to one
and Eq. 4 is zero. The generalized transition probability
from state |g〉 to state |e〉 takes the following form:
P|g〉7→|e〉 =2
Ω2
ω2
sin2 θ
(
cos2 θ +
δ2
ω2
sin2 θ
)
× [1 + cos (δT +Φ)] ,
(19)
where the Ramsey phase-shift is found to be [55]:
Φ = arctan
[
2 δ
ω
tan θ
1−
(
δ
ω
)2
tan2 θ
]
= 2 arctan
[
δ
ω
tan θ
]
.
(20)
By applying a trigonometrical transformation on the fol-
lowing part(
cos2 θ +
δ2
ω2
sin2 θ
)
× [1 + cos (δT +Φ)]
= 2
[
cos θ + i δ
ω
sin θ
2
ei
δT
2 +
cos θ − i δ
ω
sin θ
2
e−i
δT
2
]2
= 2
[
cos
(
δT
2
)
cos θ −
δ
ω
sin
(
δT
2
)
sin θ
]2
,
(21)
we recover the standard expression of the transition prob-
ability derived by Ramsey in 1950 for a spin 1/2 inter-
acting with a radio-frequency field [13, 14] as:
P|g〉7→|e〉 = 4
Ω2
ω2
sin2 θ
[
cos
(
δT
2
)
cos θ
−
δ
ω
sin
(
δT
2
)
sin θ
]2
.
(22)
where θ = ωτ/2.
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